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A NOTE ON THE KUZNETSOV COMPONENT OF THE VERONESE DOUBLE CONE
MARIN PETKOVIC´ AND FRANCO ROTA
Abstract. This note describes moduli spaces of objects in the Kuznetsov component of a Veronese double cone,
and some related constructions. We consider classes in the numerical Grothendieck group which are minimal
with respect to the Euler form, and show that the corresponding moduli spaces are isomorphic. They are a
blow-down of a moduli of tilt-stable objects. We interpret the latter space as a generalized Hilbert scheme of
lines and give a wall-crossing interpretation of the blow-down morphism.
1. Introduction, preliminaries, and notation
1.1. Introduction. The derived categories of Fano threefolds of Picard rank one and index 2 have been
source of recent interest [APR19, PY20], as they admit Kuznetsov components (subcategories orthogonal to
a certain exceptional collection, see [Kuz14, Kuz08, Kuz15]) which are a fertile ground for the application of
the Bridgeland stability techniques developed in [BLMS17].
The rich structure of these categories produces moduli spaces of objects of a fixed numerical class in
Db(Y ) which satisfy a certain stability condition, these recover much of the geometry of the threefold. For
example, of the Fano threefolds Y of index 2 - there are five families indexed by degree d = 1, ..., 5 - all but
the d = 1 ones can be recovered up to isomorphism from their Kuznetsov component Ku(Y ) (the question
is open in the degree 1 case, and we hope that this note may help towards an answer).
In this work, we chose to focus on the Veronese double cone (degree 1), and on certain moduli spaces
which showcase the deep interplay between the derived category and the geometry of Y . First, we consider
the three numerical classes in the Grothendieck group ofKu(Y ) which are minimal with respect to the Euler
form. Each carries geometric information about, respectively:
• Del Pezzo surfaces in the linear series |OY (1)| (these are studied extensively in [APR19]);
• projections of skyscraper sheaves to Ku(Y );
• lines and genus 1 curves on Y .
The first result of this note (Theorem 2.3) is that the related moduli spaces are isomorphic. We show this
combining the results of [PY20] with the study of the rotation autoequivalence of Ku(Y ) [Kuz04].
One may suspect that the third moduli space, denotedMσ(−κ1), is related to the Hilbert scheme of lines
F (Y ) of Y . In fact, Mσ(−κ1) is F (Y ) if Y has degree d ≥ 2 [PY20, Theorem 1.1]. If Y has degree 1,
Mσ(−κ1) is not a Hilbert scheme, and only contains F (Y ) as an irreducible component. Nevertheless, one
considers the moduli space M0σ(−κ1) of tilt-stable objects in Db(Y ) of class −κ1. The space M0σ(−κ1)
is a blowup of Mσ(−κ1) (Theorem 2.8), it contains F (Y ) as a component, and it can be interpreted as
a generalized Hilbert scheme, which parameterizes quotients of OY in a (iterated) tilt of the category of
coherent sheaves of Y (Prop. 2.20).
1.2. The Veronese double cone and its Fano scheme of lines. Suppose Y is a Fano threefold of Picard
rank 1, index 2 and degree 1. In other words, Y is a sextic hypersurface in P(1, 1, 1, 2, 3), or, equivalently,
Y is a Veronese double cone, i.e. a double cover of the cone K over a Veronese surface in P5, branched at
the vertex k of K and along a smooth intersection of K with a cubic hypersurfaceW which does not pass
through k. The double covering τ : Y → K defines an involution ι : Y → Y .
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2 M. PETKOVIC AND F. ROTA
We will find it useful to consider the following birational model of Y : denote by σK : K˜ → K and by
σY : Y˜ → Y the blow-ups ofK , respectively of Y , at the point k. Then there is a diagram
Y˜ Y
K˜ K
σY
τ˜ τ
σK
and τ˜ is a double cover branched along the union ofW and the exceptional divisorS ofσY [Tih82, CZ19].
We denote byw : K−{k} → P2 the projection to the base of the coneK . It induces a three-to-one cover of
W :=W∩K → P2, ramified over a plane curveC0. The blowupσK resolvesw to a morphism w˜ : K˜ → P2.
The ample generatorH of Pic (Y ) is the pull-back of an ample class h on P2 through the compositionwτ .
LetF be the Fano scheme of lines of Y , i.e., the Hilbert scheme parameterizing subschemesZ of Y whose
Hilbert polynomial χ(Ol(t)) = t + 1. The scheme F is a projective irreducible scheme consisting of a
smooth surface F and a copy of the curve C0 embedded in it [Tih82, Theor. 4]. Note that we will use the
same notationC0 for the curve in P2 and for its copies embedded in Y and F (Y ).
The curve C0 parameterizes singular lines in Y , described as follows. For a point x ∈ C0 ⊂ P2, consider
the curve Cx = τ˜−1w˜−1(x) ⊂ X˜ , where w˜−1(x) is a line in K˜ intersecting W in three points. The map
τ˜|Cx : Cx → w˜−1(x) ramifies in three points ofW and the fourth point w˜−1(x) ∩ S: if the four points are
distinct then Cx is a smooth elliptic curve, if two come together then Cx is a rational nodal curve. In the
latter case, there exists a non-reduced singular lineZx consisting ofCx with an embedded point at the node.
Lines in F \C0 are smooth rational curves and are called non-singular. They are constructed from conics
on K : more precisely, a smooth conic c ⊂ K tritangent to W satisfies τ−1(c) = ` ∪ `′ where ` and `′ are
smooth rational curves. All non-singular lines are constructed in this way.
1.3. Stability conditions. Here we give a short review of Bridgeland stability condition, with the main
purpose of fixing the notation for what follows. We direct the interested reader to the seminal work of
Bridgeland [Bri07] and to the survey [MS17] and references therein for a thorough description.
Definition 1.1. Let A be an abelian category. A (weak) stability function is a group homomorphism Z :
K(A)→ C such that
=Z(E) > 0 or=Z(E) = 0 and<Z(E) < (≤)0
for any 0 6= E ∈ A. To a (weak) stability function Z , we associate a slope function
µ(E) =
{−<Z(E)
=Z(E) if=Z(E) 6= 0
+∞ otherwise
We say thatE ∈ A is (semi)stable if for all subobjects F ⊂ E inA we have
µ(F )(≤) < µ(E).
Definition 1.2. Let T be a triangulated category and v : K(T)  Λ a surjection to a finite rank lattice. A
(weak) stability condition on a triangulated category T (with respect to v : K(T) → Λ) is a pair σ = (A, Z)
consisting of
• a heart of a bounded t-structureA
• a (weak) stability functionK(A) v−→ Λ Z−→ C
satisfying the following properties
(i) (Harder-Narasimhan filtration) AnyE ∈ A has a filtration inA with semistable quotients.
(ii) (Support property) There exists a quadratic form Q on Λ ⊗ R which is negative definite on kerZ and
for all semistableE ∈ A we haveQ(E) ≥ 0 .
We say an object E ∈ T is σ-(semi)stable if E[k] ∈ A for some k ∈ Z and E[k] is semistable with respect
to Z .
Definition 1.3. Let σ = (A, Z) be a weak stability condition on T. For β ∈ R, we define subcategories
Aµ≤β andAµ>β consisting of objectsE such that slopes of all Harder-Narasimhan factors ofE are≤ 0 and
> 0 respectively. The tilt ofA is then defined as
Aβσ =
[
Aµσ≤β[1],Aµσ>β
]
,
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that is, objectsE ∈ Aβσ are complexes with
H−1A (E) ∈ Aµσ≤β
H0A(E) ∈ Aµσ>β
HiA(E) = 0, for i 6= −1, 0.
Example 1.4. For a smooth projective variety Y with a hyperplane class H , let the lattice Λ = Z⊕3 be the
image of the map v = (H3 ch0, H2 ch1, H ch2) : K(Y )→ Q3. In this paper, we will be working with the
following weak stability conditions onDb(Y ):
(1) σM = (Coh(Y ),−H2 ch1 +iH3 ch0) is a weak stability condition with respect to the rank 2 lattice
defined as the image of
v = (H3 ch0, H
2 ch1) : K(Y )→ Z2
This stability is also called Mumford stability, or slope stability. We will denote the corresponding slope
function with µM .
(2) σα,β = (Cohβ(Y ), Zα,β), for α > 0 and β ∈ R, where
Cohβ(Y ) =
[
Coh(Y )µM≤β[1],Coh(Y )µM>β
]
and
Zα,β(E) = −H chβ2 E +
α2
2
H3 ch0E + i
(
H2 ch1E − βH3 ch0E
)
,
where chβ(−) := e−βH · ch(−) is the twisted Chern character. This is a weak stability condition with
respect to the lattice Λ ([BMT14, BMS16]), and is usually called tilt-stability. The corresponding slope
function will be denoted with µα,β .
(3) σ0α,β = (Coh
0
α,β(Y ), Z
0
α,β), for α > 0 and β ∈ R, where
Coh0α,β(Y ) =
[
Cohβ(Y )µα,β≤0[1],Coh
β(Y )µα,β>0
]
and
Z0α,β(E) = −iZα,β(E)
This is also a weak stability condition with respect to Λ ([BLMS17, Prop 2.15]). The corresponding slope
function will be denoted with µ0α,β .
1.4. Kuznetsov component. Let Y be a smooth Fano threefold of index 2, and Picard rank 1. The derived
category of Y admits a semi-orthogonal decomposition
D(Y ) = 〈Ku(Y ),OY ,OY (1)〉
where the admissible subcategoryKu(Y ) is called the Kuznetsov component [Kuz08]. The numerical Grothendieck
groupN(Ku(Y )) ⊂ N(Db(Y )) has rank 2 and is generated by the classes
κ1 = [I`] = 1− H
2
d
& κ2 = H − H
2
2
− (6− d)H
3
6d
.
In this basis, the Euler form writes ( −1 −1
1− d −d
)
.
It is negative definite, and if d = 1 the only−1 classes are±κ1,±κ2 and±(κ1 − κ2).
Recall that for E ∈ Db(Y ) exceptional, the left mutation LE(−) across E is the functor sending G ∈
Db(Y ) to the cone of the evaluation map
RHom(E,G)⊗ E → G→ LE(G).
The inclusion Ku(Y ) ⊂ Db(Y ) has an adjoint projection functor pi := LOY ◦ LOY (1).
The category Ku(Y ) admits an autoequivalence called the rotation functor
R := LOY (−⊗OY (1)),
and a Serre functor. In fact, the two are related:
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Lemma 1.5. The Serre functor on Ku(Y ) satisfies
S−1Ku(Y ) ' R2[−3].
Proof. By [Kuz14, Lemma 2.7], we have that S−1Ku(Y ) ' pi ◦ S−1Y . It is then straightforward to check that
piS−1Y (E) = pi(E(2))[−3] = LO(LO(1)(E(2)))[−3] ' R2(E)[−3]. 
One of the results of [BLMS17] is that Ku(Y ) supports stability conditions. Define the set
V =
{
(α, β) ∈ R>0 × R | 0 < α < min{−β, β + 1},−1 < β < 0
}
,
then we have
Theorem 1.6 ([BLMS17, Theor. 6.8]). For any (α, β) ∈ V , the weak stability condition σ0α,β from Example 1.4
(3), induces a Bridgeland stability condition σ(α, β) on Ku(Y ), with the heart of the bounded t-structure given by
A := Coh0α,β(Y ) ∩ Ku(Y ).
We will denote the slope function of σ(α, β) with µ(α, β).
The set of stability conditions on Ku(Y ) is denoted Stab(Ku(Y )), it is a complex manifold and it admits
the following group actions:
• The universal cover G˜L+2 (R) acts on the right: an element of G˜L
+
2 (R) is a pair g˜ = (g,M) where
g : R → R is increasing and such that g(φ + 1) = g(φ) + 1, and M ∈ GL2(R). Given a stability
condition σ(Z,P) ∈ Stab(Ku(Y )), we define σ · g˜ = (Z ′,P ′) to be the stability condition with
Z ′ = M−1◦Z andP ′(φ) = P(g(φ)). Stability is preserved under this action: an objectE ∈ Ku(Y )
is σ-stable if and only if it is σ · g˜-stable for all g˜ ∈ G˜L+2 (R).
• An autoequivalence Φ of T acts on the stability manifold: for σ as above we set
Φ · σ := (Z(Φ−1∗ (−)),Φ(P)),
where Φ∗ is the automorphism ofK(Ku(Y )) induced by Φ.
Pick 0 < α < 12 , and let K denote the G˜L
+
2 (R)-orbit of the stability condition σ(α,−12) in Stab(Ku).
Then we have:
Proposition 1.7 ([PY20, Prop 3.5]). For all (α, β) ∈ V , σ(α, β) ∈ K.
Moreover, the following result is only stated in [PY20] for cubic threefolds, but the proofs carry over
verbatim to any other degree:
Proposition 1.8 ([PY20, Prop. 5.4]). If Y is a Fano threefold of index 2, then there exists g˜ ∈ G˜L+2 (R) such that
R · σ(α,−1
2
) = σ(α,−1
2
) · g˜.
Forσ ∈ K andκ ∈ N(Ku(Y )), we writeMσ(κ) the moduli space ofσ-stable objects of classκ inKu(Y ).
As an immediate consequence of Prop. 1.8 we have:
Corollary 1.9. For all n ∈ Z, there is an isomorphism
Mσ(κ) 'Mσ(Rn∗κ).
2. Moduli spaces on the Veronese double cone
For the rest of this note, Y will denote a Veronese double cone. When a result holds for all Fano threefolds
of picard rank 1 and index 2, we will make it explicit. In this section, we construct some objects of Db(Y ),
we investigate their stability and relation with Ku(Y ), and describe their moduli spaces.
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2.1. Objects and moduli spaces in Ku(Y ). For any Fano threefold Y of Picard rank one, index 2, we can
consider projections of points: for p ∈ Y , the projection pi(Cp) of Cp is the complex Mp[1], defined as the
cone
(1) Od+1 → Ip(1)→Mp.
We have [Mp[1]] = dκ1 − κ2.
A second family of objects are the Ep studied in [APR19]. They have class −κ2, and are defined by the
distinguished triangle
OY (−1)[1]→ Ep → Ip
for any point p ∈ Y . Note that these two families are related by a rotation:
Lemma 2.1. If Y is a Fano threefold of Picard rank 1 and index 2, then R(Ep) = Mp for every p ∈ Y .
Proof. Twist the defining sequence ofEp:
O[1]→ Ep(1)→ Ip(1)
and mutating acrossO shows R(Ep) ' LOY (Ip(1)). Then, observe that (1) computes LOY (Ip(1)). 
Assume now that Y has degree 1. Then, we can construct another class of objects as follows. For a point
p ∈ Y , p 6= k, let x := wτ(p) ∈ P2 and let C := Cx be the corresponding genus 1 curve (notation as in
Sec. 1.2). Then,H0(OC(p)) = C, and we consider the cone of the triangle
(2) OY → OC(p)→ Fp.
Similarly, define complexes associated with k: for all x ∈ P2, k ∈ Cx andH0(OC(p)) = C as above, so we
write
(3) OY → OCx(k)→ Gx
for the corresponding cones. Note, moreover, that for any curveCx we have
OCx ⊗OY (1) ' OCx(k).
In fact, if D ∈ |O(1)| does not contain Cx, then [D ∩ Cx] = H3, and the only point of cohomology class
H3 is k.
Remark 2.2. For all p 6= k in Y , and all x ∈ P2, the numerical class of Fp and Gx is −κ1. In fact, OC(p)
has the same Hilbert polynomial asOl for any nonsingular line l ⊂ Y , so [Fp] = [Gx] = −[Il] = −κ1.
For p 6= k in Y , the objects Fp ∈ Ku(Y ): the vanishing Hom(OY (1), Fp) = 0 follows from (2) and
the observation that the sheavesOY (−1) andOC(p− k) have no cohomologies. Similarly, the vanishing of
Hom(OY , Fp) follows from the isomorphismRHom(OY ,OY ) ' RHom(OY ,OC(p)).
Observe on the other hand that the objectsGx /∈ Ku(Y ): by (3) we have
Hom(OY (1), Gx) ' Hom(OY (1),OCx(k)) ' Hom(OY ,OCx(k − k)) = C.
We now state the main result of this section:
Theorem 2.3. Let Y be a Veronese double cone. The moduli spaces Mσ(−κ1),Mσ(−κ2) and Mσ(κ1 − κ2)
are isomorphic. They have two irreducible components isomorphic to Y itself and to the Fano surface of lines F (Y ),
intersecting alongC0. The generic point of the component Y parameterizes, respectively, objects of form Fp,Ep, and
Mp.
Before proving the theorem, we show that the familiesMp and Fp are related by a rotation.
Lemma 2.4. For p 6= k, we have R(Mp) = Fι(p).
Proof. By its definition, the cohomologies of Mp(1) are those of the complex [O2(1) ev−→ Ip(2)], which can
be computed by considering the pull-back of the (twisted) Koszul complex from P2:
0→ OY → O2(1) a−→ O(2)→ OC(2k − p)→ 0,
whereC := Cwτ(p). In fact, a factors through ev, and we get the cohomologies
OY [1]→Mp(1)→ OC(2k − p).
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This shows that R(Mp) = LOY (OC(2k − p)). One then checks that the divisor 2k − p on C is linearly
equivalent to ι(p), by considering the Weierstrass equation forC inP(1, 1, 1, 2, 3) and observing that taking
inverses coincides with applying ι|C . Therefore, R(Mp) = Fι(p). 
Proof of Theorem 2.3. Lemmas 2.1 and 2.4 show first of all that the classes {−κ1,−κ2, κ1 − κ2} are in the
same orbit under R∗. Then, Cor. 1.9 yields the desired isomorphism.
The description of the irreducible components is [APR19, Theor. 1.5]. The statement on the general
objects follows again from Lemmas 2.1 and 2.4. 
Remark2.5. By [APR19, Theorem 1.5], the second component ofMσ(−κ2) parameterizes objects i∗OS(`1−
`2) where i : S ↪→ Y is a hyperplane section containing disjoint lines `1 and `2. Computations similar to the
above then show that R(i∗OS(`1 − `2)) ' [OY → OS(1 + `1 − `2)] with cohomologies
OY (−1)[1]→ [OY → OS(1 + `1 − `2)]→ L
where L is (the push forward of) a degree -1 line bundle on `1. A second rotation then gives R2(i∗OS(`1 −
`2)) = I`1 .
Remark 2.6. The heart A(α, β) has homological dimension 2 if d = 2, 3 [PY20]. This is false in the case
d = 1. In fact, by Lemmas 2.1 and 2.4 above we have Eι(p) ' R−2(Fp) for p 6= k in Y . Then, by Serre
duality and Lemma 1.5,
Ext3(Fp, Eι(p)) ' Hom(Fp,R−2(Fp)[3]) ' Hom(Fp, Fp)∗ 6= 0.
The objects Ek,Mk , and Fk := R2(Ek) corresponding to the point k in the three moduli spaces of
Theorem 2.3 are of a slightly different nature from the others. The next Lemma describes them.
Lemma 2.7 (Rotations at k). We have R(Ek) = Mk , a complex with cohomologies
H−1(Mk) ' coker(OY (−2)→ OY (−1)⊕3)
H0(Mk) = OY .
The complex Fk has three cohomologies, and it fits in a triangle
(4) OY (−1)[2]→ Fk → [O⊕3Y → OY (1)].
Proof. One shows as above that R(Ek) = Mk , the (shift of the) projection of the skyscraper sheaf Ck to
Ku(Y ). All hyperplane section of Y pass through k. In other words,Mk is defined by an exact triangle
O⊕3Y ⊕OY [1]→ Ik(1)→Mk
whose cohomology sequence is
(5) 0→ H−1(Mk)→ O⊕3 ev−→ Ik(1)→ H0(Mk)→ OY → 0,
where the evaluation map ev is surjective, and coincides with the last map of a Koszul complex on three linear
forms. Therefore,H−1(Mk) ' coker(OY (−2)→ OY (−1)⊕3) andH0(Mk) = O.
To compute Fk = R(Mk), compute the cohomology sheaves of Mp(1) by twisting (5), and write the
cohomology sequence of the triangle
O⊕3 ⊕O⊕3[1]→Mk(1)→ Fk.
It reads
0→ O(−1)→ O3 → coker(O(−1)→ O) 0−→ H−1(Fk)→ O3 → O(1)→ Ck → 0,
whence the claim. 
2.2. Stability of objects of class κ1. The goal of this section is to describe the moduli spaces M0σ(−κ1)
and Mσ(−κ1) of objects of class κ1 that are semistable with respect to σ0α,β and σ(α, β) respectively. The
following theorem provides a modular realization of the blowup σY : Y˜ → Y of Sec. 1.2.
Theorem 2.8. The spaceM0σ(−κ1) is obtained fromMσ(−κ1) with a blowup at the point [Fk], its irreducible
components are isomorphic to F (Y ) and Y˜ , and meet along C0.
Lemma 2.9. The largest wall in (α, β)-plane for the class−κ1 is a semicircle with radius−12 and center (0,−32).
It is realized by the subobjectO(−1)[1].
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Proof. We prove that no walls can intersect the line β = −1. This follows from the fact that for any α > 0
and any F of class−κ1, <Z0α,−1(F ) = −1 is the maximal negative value of <Zα,−1. Suppose that there is
a sequence
(6) 0→ E → F → G→ 0
in Coh0α,−1(Y ) realizing such a wall, for some α > 0. We have ch−1(F ) = −1−H +H2/2, which means
either ch−11 E = −H or ch−11 G = −H . Assume ch−11 E = −H . Then Z0α,−1(E) = Z0α,−1(F ) and
Z0α,−1(G) = 0. Since G is σα,−1-semistable, the support property implies ch≤2G = 0, which means that
(6) is not an actual wall. The computation of the wall induced byO(−1)[1] is left as an exercise for the reader.

Proposition 2.10. The moduli spaceM0σ(−κ1) contains objects Fp for p 6= k, and Gx for x ∈ P2, and objects
I`[1], for all lines ` ⊂ Y .
Proof. This follows from Lemmas 2.11 and 2.13. 
Lemma 2.11. Objects I`[1] are σ0α,β-semistable.
Proof. This is done in [PY20, Prop. 4.1]. 
Lemma 2.12. For β = 0, objects Fp andGx are strictly semistable of phase 1 in Cohβ(Y ).
Proof. Complex Fp fits into the exact triangle
OC(p)→ Fp → OY [1].
SinceOC(p) andOY [1] are both semistable of phase 1 in Cohβ(Y ), the claim follows. 
Lemma 2.13. Objects Fp andGx are σ0α,β-semistable for α > 0,−1 < β < 0.
Proof. Lemma 2.12 implies that Fp is semistable in Coh0α,0(Y ) of phase 12 . For −1 << β < 0, we have
O[1],OC(p) ∈ Coh0α,β(Y ) and therefore Fp ∈ Coh0α,β(Y ) (although Fp /∈ Cohβ(Y )). Moreover, walls
for µ0α,β-stability in the (α, β) plane have the usual semicircular structure. Since µ0α,β(OY [1]) > 0 =
µ0α,β(OC(p)),Fp is semistable left of the vertical wall β = 0, and outside of the largest possible semicircular
wall. By Lemma 2.9, it follows that Fp is σ0α,β-semistable, for all−1 < β < 0. 
Remark 2.14. A simple consequence of Lemma 2.13 is that Fp is σ(α, β)-stable for all (α, β) ∈ V . In
fact, Fp is σ0α,β-semistable, for all 0 < α, −1 < β < 0. Since this strip intersects V , Fp is also σ(α, β)-
semistable, for some (α, β) ∈ V , and hence for all of them. Having primitive numerical class, Fp must be
σ(α, β)-stable. This gives an alternative proof of stability which is independent of Theorem 2.3.
Remark 2.15. Note that the object Fk ∈ Coh0α,β(Y ) is not semistable. It is destabilized by the triangle
(4). However, Fk is σ(α, β)-stable, since it is the rotation of the stable object Ek (see Theorem 2.3). There
is no wall in (α, β) plane which would make Fk stable. Nonetheless, the objects Gx defined in Sec. 2.1 can
be obtained with an elementary modification of (4) as all the possible extensions in the other direction: the
objectsG fitting in a triangle
(7) [O⊕3Y → OY (1)]→ G→ OY (−1)[2]
are all and only theGx. Indeed, the complex [O⊕3Y → OY (1)] fits in the Koszul complex
OY (−2) a−→ OY (−1)⊕3 → O⊕3Y
b−→ OY (1)→ Ck.
Then the cohomology sequence of (7) gives immediately
H0(G) ' Ck,
0→ OY (−1) c−→ K → H−1(G),
where K = ker(b) = coker a and H−2(G) = 0 because c 6= 0. Considering the sequence O(−2) →
O(−1)⊕3 → K , one sees that c must lift to an inclusion O(−1) → O(−1)⊕3, and hence H−1(G) '
coker c = cokerOY (−2)→ OY (−1)⊕2 = ICx for some x ∈ P2. In other words, G ' Gx for some x,
conversely, allGx fit in a triangle (7).
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This elementary modification induces the blow-up map from the theorem 2.8, mapping Gx to Fk for all
x, and fixing every other point in the moduli space.
Next we prove that the objects studied so far are indeed the only objects inM0σ(−κ1). For the rest of this
section, let α > 0 and−1 < β < 0 be fixed.
Proposition 2.16. Let F be σ0α,β-semistable object of class−κ1. Then F is one of the objects I`[1], Fp orGx.
Proof. Follows from lemmas 2.17, 2.18 and 2.19 below. 
Lemma 2.17. For F as in Prop. 2.16, there is a triangle
F ′[1]→ F → G
where F ′ ∈ Cohβ(Y ) is σα,β-semistable, andG is either 0 or Cp.
Proof. Since F is in Coh0α,β(Y ), there is a triangle
F ′[1]→ F → T
withF ′ ∈ Fα,β ,T ∈ Tα,β . SinceF is semistable with respect toµ0α,β ,Zα,β(T ) has to be 0, soT is supported
on points, that is, T has finite length. Also, ifF ′ is not semistable, then neither isF . Next we prove thatT has
length≤ 1. It suffices to show that ch3(F ′) ≤ 1. We have chF ′ = 1− h2 +mh3, wherem is the length of
Z . By [Li15], [BMS16, Conjecture 4.1] holds for F ′, for all (α, β) where it is semistable. In particular, since
F ′ is semistable along the line β = −12 , the inequality holds for α = 0 and β = −12 , which gives
4 · 49
64
− 61
2
chβ3 (F
′) ≥ 0
which simplifies to ch3 F ′ ≤ 3/2. This proves m ≤ 1 (in fact the inequality for β = −1 gives the exact
bound ch3 F ′ ≤ 1). 
In the next two lemmas, we classify all possibilities for F ′ andG in Lemma 2.17.
Lemma 2.18. IfG = 0 in Lemma 2.17, then F ′ = I`, for ` ⊂ Y a (possibly singular) line (see Sec. 1.2).
Proof. Similar as in Lemma 2.9, one can show that there are no walls for F ′ in−1 < β < 0 region. Hence
F ′ is σα,β-semistable for α >> 0, so it must be a semistable sheaf. 
Lemma 2.19. IfG = Cp in Lemma 2.17, then F ′ = IC , forC ⊂ Y an elliptic curve, cut out by 2 linear sections.
Proof. The double dual of F ′ isOY , so we have a map F ′ → OY , hence F ′ is an ideal sheaf of a subscheme
with cohomology class H2. This is either a line, or an elliptic curve. However, it cannot be a line, since then
we would have ch3 F ′ ≤ 0. Hence F ′ is an ideal sheaf of an elliptic curveC . 
Proof of Theorem 2.8. Propositions 2.10 and 2.16 describe the points of M0σ(−κ1), which agree with the
points of Mσ(−κ1), away from the point [Fk] (see Theorem 2.3). The elementary modification from Re-
mark 2.15 realizesM0σ(−κ1) as the blow-up ofMσ(−κ1) at [Fk]. 
2.3. The spaceM0σ(−κ1) is a generalized Quot scheme. Recall that the Hilbert scheme of lines in Y is
a smooth surface with the embedded curve C0 parameterizing singular lines (see Sec. 1.2). We considered
in 2.1 sheaves of the form OC(p), where p ∈ Y (possibly p = k) and C = Cx for some x ∈ P2. By
Riemann-Roch we also have
χ(OC(p)(t)) = 1 + t.
However, theOC(p) are not sheaf quotients ofO and do not represent points of the Hilbert scheme of lines
of Y . In this section, we consider a different space of quotients, and show that the distinguished triangles
Il → OY → Ol
Fp[−1]→ OY → OC(p)
Gx[−1]→ OY → OCx(k)
(8)
are all short exact sequences in an appropriate abelian category. More precisely:
Proposition 2.20. The spaceM0σ(−κ1) is a generalized Hilbert scheme in the sense of [BLM+19, Sec. 11] and
[Rot20], and it contains the Fano scheme of lines as one of its irreducible components.
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We prove the proposition after fixing some preparatory notation. Pick (α, β) ∈ V , so that the chain of
inequalities
µ0α,β(Fp) > 0 = µ
0
α,β(OC(p)) > µ0α,β(OY )
is satisfied. As a consequence of the computation in Lemma 2.9, we may pick 0 <  1 so that, if F is any
unstable object of class−κ1, then any destabilizing quotientG satisfies µ0α,β(G) < θ := µ0α,β(F )− . Con-
sider the torsion pair in Coh0α,β(Y ) consisting of the categories Coh0α,β(Y )µ0α,β≤θ and Coh
0
α,β(Y )µ0α,β>θ
generated by σ0α,β-semistable objects of slope ≤ θ and > θ respectively. Denote by Bθα,β the (shift of the)
corresponding tilt:
Bθα,β := 〈Coh0α,β(Y )µ0α,β≤θ,Coh
0
α,β(Y )µ0α,β>θ
[−1]〉.
We denote by Q := QuotBθα,β (OY , 1 + t) the Quot space parameterizing quotients of OY in B
0
α,β with
Hilbert polynomial 1 + t.
Lemma 2.21. If a short exact sequence in Bθα,β
(9) F → OY → Q
parameterizes a quotient inQ, then F is σ0α,β-semistable of class−κ1.
Proof. The statement about the numerical class is immediate. As for semistability: a destabilizing quotientG
of F must have µ0α,β(F ) > µ0α,β(G) > θ, otherwiseG /∈ Bθα,β . But this contradicts our choice of θ. 
Proof of Prop. 2.20. Lemma 2.21 produces a morphism φ : Q →M0α,β(−κ1). On the other hand, (shifts of)
objects ofM0α,β(−κ1) are of the form Il, Fp[−1] or Gx[−1], and all fit in triangles (8) of the form (9). It
follows that φ is an isomorphism. 
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